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Abstract 

This paper reduces the incompressible Navier-Stokes system to 
viscous Burger's system. The reduction is obtained via choosing a 
suitable pressure and requiring a certain type antisymmetry for the 
Navier-stokes system. Paper also briefly describes the effect of the 
chosen pressure on the respective Euler equations. 

1 Navier-Stokes equations 

The Navier-Stokes equations represent a simplified model of fluid dy- 
namics in physics. The equation system is nonlinear and very hard to 
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solve, for additional information, see pQ . The incompressible Navier- 
Stokes is in vector form 



— = uAu-u- Vu- Vp + f (1) 



V-u = (2) 

where u = (u(x,y, z,i),v(x,y, z,t),w(x,y, z,t)) is the velocity field 
u : M 3 x [0, oo) i — > M 3 and p : M 3 x [0, oo) i — > R is the scalar pressure. 
v > is the viscosity which is constant. The vector / is the external 
force field which plays no key role in this paper. We assume that the 
velocity field is smooth at least for some finite time. 

2 Suitable pressure choice and sym- 
metry properties of the Jacobian ma- 
trix 

Assume that the pressure is of the following functional form: 



p(x,y,z,t) = ~(u-u) (3) 



The gradient field of pressure can be therefore represented as 



— = uu x + vv x + ww x (4) 



dp . 

— = UUy + Wy + WWy (5) 
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dp 

— = uu z + vv z + ww z 
oz 



This means that the gradient vector can be represented as 



(6) 



^ u x v x w x ^ 



Vp 



\ 



u z V, w. 



J 



\ w J 



J T u 



(7) 



where J is the familiar Jacobian matrix and J denotes its transpose. 
On the other hand we have the convection vector 



u- Vu 



U x Uy U z 



V x V„ V z 



\ 



x u y 

y W X Wy W Z J 



( \ 



u 



Ju 



(8) 



V w J 



So that the Navier-Stokes system can be written in compact form: 



du 



= uAu -Ju- J T u + f = uAu - ( J + J T )u + / (9) 



3 Some consequences of the chosen pres- 



sure 



Consider now the matrix 



S = J + J 1 = 



^ U x +U x U y + V x U z + W x 

V X + Uy Vy + Vy V Z + Wy 
W X +U Z Wy + v z W Z + W Z 



(10) 
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We note immediately that matrix S is symmetric and also from the 
incompressibility condition it follows that the trace of the matrix is 
zero. According to the finite-dimensional spectral theorem, the eigen- 
vectors of S are orthogonal and the eigenvalues are real [3]. Moreover, 
for matrices with zero trace the following holds 



where Aj € K 

\/i = 1,2,3 denotes the ith eigenvalue of S. This means that there 
exists at least one eigenvalue Aj < 0, unless all eigenvalues are zero. 

3.1 The matrix S and the Euler equations 

Consider now the following representation: 



where e is an eigenvector corresponding with some negative eigenvalue 
A. 

Take now the inviscid Navier-Stokes equations with no external force 




(11) 



Se = Ae 



(12) 



field, that is v = and / = 0. 



(13) 
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This the so-called Euler's equation in fluid dynamics. Now take u = e. 
That is, we consider the evolution of the eigenvector: 



f t =-(J+J T )e = -Se (14) 



Because of the eigenvalue equation, one can restate the equation: 

de 



at ~ xg < 15 > 



Imagine now that e is the initial data for the Euler system. In other 
words, e does not depend on t. If one then integrates the Euler equa- 
tion up to time T, one sees that initial data will be scaled up by the 
factor 

e -So Xdt (16) 

as A is always less than zero, the initial velocity field will be scaled 
up. In particular, suppose that the initial velocity field satisfies the 
bounded energy condition 

/ \e\ 2 dx < C (17) 

for some C > at t = 0. Then it is obvious that the kinetic energy 
of the system increases without bound, as T — > oo. In other words, 
the evolution for a particular initial velocity field determined by an 
eigenvector of the matrix S, blows up in terms of kinetic energy. 
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4 Reduction to viscous Burger's sys- 
tem 

Let us now return to reduction of N-S to the viscous Burger's system. 
We now want the matrix S to be diagonal, this holds, iff 



(18) 



-W a 



-W„ 



-U, 



(19) 
(20) 
(21) 
(22) 
(23) 



Consider now the Viscosity vector Au. Using the diagonality con- 
ditions, one notices the following equivalence: 



UXX + Uyy + U ZZ 



VxX ~\~ Vyy + V zz 
W XX + Wyy + W 

ZZ 



( 



I'XX V X y W XZ 



yx ~T Vyy Wy Z 



U Z x V zv + W z 



y U Z x V Z y 



\ 



J 



(24) 



As we assume that the vector field u is smooth, one can interchange 
the order of partial differentiation and take out the spatial differential 
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operator for each row: 



VxX ~\~ Vyy + V z 



V 



Wxx + Wyy + W 



J 



dx Ux dx v v dx Wz 

--§y-U X + j^Vy - jly-Wz 



-^(U X -Vy-W Z ) 



\ dz Ux dx v v + dx Wz } 



Qy( U X + Vy 



w. 



\ a^i-ux - v y + w z ) J 
(25) 



By using the assumption that the divergence of the velocity field is 
zero (incompressibility condition) 



u x + v v + w z = 



(26) 



one can substitute and finally get 



HxX Vyy ~t~ U z 



V XX + Vyy + V ZZ 
WXX + Wyy + W 

zz 



dx 



(2u x ) 



(27) 



This does it. The full Navier-Stokes system is now reduced to the 
following system 

u t + 2uu x = 2vu xx (28) 



vt + 2vv y = 2vv 



mi 



wt + 2ww z = 2vw z 



(29) 
(30) 



We have taken / = for convenience. The equations hold as long as 
J + J T is a diagonal matrix and V ■ u = 0. 
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5 Conclusions and further research 

The full Navier-Stokes reduces to viscous Burger's system under suit- 
able symmetry properties of the velocity field. It is now interesting 
to proceed to the viscous limit where v — > as then one has the 
corresponding Euler system of fluid dynamics reduced to the invis- 
cous Burger's system. One can then proceed to study the possible 
shock wave properties of the reduced system as the inviscous Burger's 
equation is known relatively well [2]. 
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